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The performance of a generic, cyclic heat engine between two heat reservoirs is discussed within
a linear-irreversible framework. The Onsager reciprocal relation is derived as a consequence of
the equivalence between quasi-static and reversible operations, under the tight-coupling condition.
When the latter condition is relaxed, it is possible to achieve reversible cycle in a finite duration.
Onsager reciprocity must be violated when either the quasi-static cycle is not reversible, or the
reversible cycle is not quasi-static.
A real process is invariably irreversible and happens on
some finite time scale. A quasi-static process—despite
being an idealized concept—is of great importance in
equilibrium thermodynamics [1]. Several textbook mod-
els of heat cycles such as Carnot cycle, Otto cycle and
so on, are based on these processes which run infinitely
slowly and may not be reversible. Notions of heat and
work are quantified based on them and fundamental laws
of thermodynamics are thereby formulated. Any frame-
work for nonequilibrium thermodynamics involving rates
and fluxes, quite understandably, must approach the lim-
iting case of equilibrium theory when these fluxes become
negligible in response to the vanishing thermodynamic
forces. In particular, in the linear response regime [2],
the generalized fluxes are assumed to be linear functions
of the forces, and the resulting linear-irreversible frame-
work has been immensely successful in unifying many di-
verse phenomena such as Seebeck, Peltier, Dufour effects
and so on [3, 4].
In this work, we apply the linear-irreversible frame-
work to a cyclic engine between two heat reservoirs with
a small temperature difference, and running with a large
cycle duration (τ). This implies that the generalized
fluxes are not instantaneous quantities (time derivatives
of macroscopic variables, as in Onsager formalism), but
are defined in a time-averaged sense. Our purpose is to
understand the constraints on the Onsager coefficients of
the flux-force relations, as the cycle approaches the limit
of quasi-static and reversible operations. We uncover a
connection between the symmetry property of Onsager
coefficients and the equivalence of quasi-static and re-
versible cycles. It is shown that violation of this symme-
try accompanies the fact that quasi-static and reversible
cycles are not equivalent. We also derive conditions for
obtaining reversible cycle in a finite duration, or in other
words, a finite power output at Carnot efficiency.
Let Qh denote the heat absorbed in one cycle from the
hot reservoir at temperature Th, and Qc be the amount
of heat rejected to the cold reservoir at temperature Tc.
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The work performed by the engine is
W = Qh −Qc > 0, (1)
while the total change in the entropy of the reservoirs is
∆S =
Qc
Tc
− Qh
Th
. (2)
The working medium undergoes a cycle and so does not
involve a net change in its entropy. Now, if Qc is treated
as a floating variable, it may be eliminated from Eqs.
(1) and (2), so that the second law inequality (∆S ≥ 0)
implies W ≤ QhηC, where ηC = 1− Tc/Th is the Carnot
efficiency. Thus, the second law sets an upper bound
for work as Wrev = QhηC, obtained under a reversible
operation (∆S = 0). In general, we can write
W = Wrev − Tc∆S, (3)
which is known in the literature as the Gouy-Stodola
theorem [5]. The deficit, Wrev −W = Tc∆S, is referred
to as the lost work—the energy that is not available for
work during the irreversible operation.
Now, let us consider the time-dependence of the
energy-conversion process. The rate of total entropy pro-
duction per cycle, S˙ ≡ ∆S/τ , can be written as:
S˙ =
1
τ
(
−W
Tc
)
+ Q˙h
(
1
Tc
− 1
Th
)
, (4)
where Q˙h = Qh/τ . Now, following the flux-force frame-
work of linear-irreversible thermodynamics, we identify
two generalized fluxes (Ji) and the corresponding ther-
modynamic forces (Xi):
J1 =
1
τ
, X1 = −W
Tc
, (5)
J2 = Q˙h, X2 =
1
Tc
− 1
Th
. (6)
Thus, we can write: S˙ ≡ J1X1 +J2X2. J1 represents the
rate at which the heat cycle proceeds. Since the forces
and the fluxes are assumed to be small, we are dealing
here with long cycle durations close to equilibrium. The
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2process 2, satisfying J2X2 > 0, denotes a spontaneous
process leading to positive entropy production, while the
process 1 with J1X1 < 0 is the driven or non-spontaneous
process which cannot proceed in the absence of process
2. The linear regime implies that the flux-force relations
are in the form: Ji =
∑2
j=1 LijXj , where i = 1, 2. Here,
the phenomenological coefficients Lij will be referred to
as Onsager coefficients. They are assumed fixed within
the regime of small forces. Then, S˙ becomes a binary
quadratic form in X1 and X2, and the inequality S˙ ≥ 0
imposes the following conditions:
L11 ≥ 0, L22 ≥ 0, L11L22 ≥
(L12 + L21)
2
4
. (7)
Note that we do not presume the Onsager reciprocal re-
lation (L12 = L21) which was originally based upon the
principle of microscopic reversibility and the theory of
equilibrium fluctuations [6].
Explicitly, the flux-force relations are given by:
1
τ
= −L11W
Tc
+ L12
ηC
Tc
, (8)
Qh
τ
= −L21W
Tc
+ L22
ηC
Tc
. (9)
Assuming L11 > 0, we can eliminate W from Eqs. (8)
and (9), to write:
Qh
τ
=
L21
L11
1
τ
+
|L|
L11
ηC
Tc
, (10)
where |L| ≡ L11L22 − L12L21 satisfies |L| ≥ 0. Consider
first the case, |L| = 0, which is also known as the tight-
coupling condition [7]. Under this condition, the fluxes
J1 and J2 become proportional to each other. Therefore,
Eq. (10) yields:
Qh =
L21
L11
. (11)
Now, consider the approach towards quasi-static oper-
ation (τ → ∞) in Eq. (8). The work output in this
limit limit is given by Wqs = (L12/L11)ηC. The above
conditions clarify that L12, L21 > 0.
Eq. (8) may now be written in the form:
W = Wqs − Tc
L11τ
. (12)
Thus, we note that the work output may be controlled
by varying τ , while the magnitude of Qh is kept fixed.
So, as τ is decreased, the work output also decreases and
vanishes for the minimum duration: τmin = Tc/L12ηC.
Now, it is known that a quasi-static operation may
or may not imply a reversible operation [1, 8]. If it
does, then as τ → ∞ for our cycle, we also have
∆S → 0. This equivalence has a number of interesting
consequences. We can now write: Wqs = Wrev, which
yields Qh = L12/L11. Upon comparison with Eq. (11),
we obtain:
L12 = L21, (13)
thus arriving at the reciprocal relation for Onsager co-
efficients. Conversely, from the general relations derived
above, we can write: Wqs = (L12/L21)Wrev. Thus, the
validity of Onsager reciprocity implies that quasi-static
and reversible operations of the engine are equivalent.
Furthermore, under the condition Wqs = Wrev, the
comparison of Eqs. (3) and (12) yields:
∆S =
1
L11τ
. (14)
Thus, the total entropy produced varies inversely with
the cycle duration—consistent with the assumption that
the quasi-static operation implies reversible operation.
On the other hand, a quasi-static process may not be
reversible, and involve some entropy production ∆Sqs >
0. A familiar situation is the presence of friction between
different parts of the engine, which may not vanish even
if the cycle is made infinitely slow. Then, from Eq. (3),
we can write: Wqs = Wrev − Tc∆Sqs. So, in general,
we have: Wqs ≤ Wrev, where the case of equality has
been discussed above. Using the previously established
relations, this implies L12 ≤ L21. Thus, the condition
L12 < L21 represents the fact that the quasi-static work
is less than the reversible work—indicating the presence
of friction or viscous forces. Related to this, we also have
the result ηqs ≤ ηC.
If |L| > 0, then from Eq. (10), Qh diverges in the
quasi-static limit [9]. Since Wqs is finite, so the efficiency
vanishes in the quasi-static limit. Clearly, the said limit is
not reversible under these conditions. A natural and in-
triguing question here is whether it is possible to achieve
reversible operation in finite time (when Qh is finite). In
recent years, the possibility of achieving the Carnot ef-
ficiency in finite time, or in other words, a finite power
output along with Carnot efficiency, has attracted atten-
tion [10–15]. We now approach this issue for the case of
cyclic, linear-irreversible engines.
Eliminating τ from Eqs. (8) and (9), and using the
reversible work condition W = QhηC, we obtain the
quadratic equation: L11Q
2
h − (L12 + L21)Qh + L22 = 0,
whose solutions are:
Qh =
L12 + L21 ±
√
(L12 + L21)2 − 4L11L22
2L11
. (15)
Due to the third condition in Eq. (7), the only real solu-
tion is obtained if
4L11L22 = (L12 + L21)
2, (16)
and therefore
Qh =
L12 + L21
2L11
> 0, (17)
3or Qh =
√
L22/L11. The magnitude of the reversible
work, performed in finite time, is then given by W
(τ)
rev =
(L12 + L21)ηC/2L11. It is important to note that the
above expressions for Qh holds specifically at reversible
operation in finite time. Unlike the tight-coupling case
(|L| = 0) that yields a fixed magnitude for Qh (Eq. (11)),
here we have |L| 6= 0, and so in general, Qh depends on
the cycle duration (Eq. (10)).
The duration τrev of the reversible heat cycle can be
calculated from Eq. (8) as:
1
τrev
= (L12 − L21)
ηC
2Tc
, (18)
which requires L12 > L21. So, for (L12 − L21) → 0,
we have τrev → ∞, implying that if Onsager reciprocity
holds, then the reversible operation is obtained only in
the quasi-static limit. Alternately, Onsager reciprocity
must be violated for the heat cycle undergoing reversible
operation in a finite duration.
The power output at reversible operation, Prev =
W
(τ)
rev /τrev, is given by:
Prev =
(L212 − L221)η2C
4TcL11
. (19)
Clearly, if Onsager reciprocity holds, then the reversible
operation is obtained in quasi-static limit with a vanish-
ing power output. Fig. 1(a)-1(c) show a case study of the
heat engine that achieves reversible operation in a finite
duration.
The condition, L12 ≥ L21, which underlies the above
reversible operation, can be equivalently written as:
(L12/L11)ηC ≥ (L12 + L21)ηC/2L11, or Wqs ≥ W (τ)rev ,
where the equality is obtained in the quasi-static limit.
Thus, we have the interesting result that the reversible
work in finite time is bounded from above by the quasi-
static work. Now, combining with the results obtained
previously, we may order the different work outputs as
follows:
W (τ)rev ≤Wqs ≤Wrev. (20)
Fig. 2b clarifies the meaning of the above inequalities in
terms of relative magnitudes of the Onsager coefficients.
Clearly, the equalities are obtained in the above when
Onsager reciprocity is satisfied and the reversible work is
obtained just in the quasi-static limit.
Finally, we study the optimization of average power
output W˙ = W/τ of the engine. Setting dW˙/dτ = 0, the
optimal duration of the cycle is: τ∗ = 2τmin. We note
that the maximum power condition is not affected by
whether |L| > 0 or |L| = 0. Then, the work performed at
this operating point is W ∗ = Wqs/2. Thereby, the maxi-
mum power output is W˙ ∗ = W ∗/τ∗ = L212η
2
C/4L11Tc,
and the efficiency at maximum power (EMP), η∗ =
W ∗/Qh, is:
η∗ =
L212
2|L|+ L12L21
ηC
2
, (21)
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Figure 1. An example of the heat engine showing reversible
operation in a cycle of finite duration. The parameters are set
at L11 = 1, L22 = 4, L12 = 3 and L21 = 1, satisfying the con-
ditions: 4L11L22 = (L12+L21)
2, L12+L21 > 0 and L12 > L21.
Also, Tc = 75 and Th = 100, so that ηC = 0.25. All quantities
are plotted versus the cycle duration τ whose minimum value
is τmin = Tc/L12ηC = 100 units. (a) Efficiency η obtains the
Carnot bound at duration τrev = 300 (see Eq. (18)). For
longer durations, the efficiency vanishes since Qh diverges.
(b) Total increase in entropy per cycle, ∆S, vanishes at τrev.
(c) Work output approaches the quasi-static limit Wqs for
long cycle durations. The work at reversible operation W
(τ)
rev
(•) is lower than Wqs. (d) Power output becomes maximum
at τ∗ = 2τmin = 200.
which was also derived as EMP for a thermoelectric
setup [10]. For |L| = 0 or the tight-coupling condition,
the above formula is simplified to η∗ = ηqs/2, where
ηqs = Wqs/Qh = (L12/L21)ηC is the quasi-static effi-
ciency. Since, L12 ≤ L21 for the tightly coupled case,
so we conclude that η∗ ≤ ηC/2. The upper bound is
obtained when quasi-static and reversible operations are
equivalent, and the reciprocal relation holds. This result
matches with the corresponding result for autonomous,
linear-irreversible engines obeying the tight-coupling con-
dition along with Onsager reciprocity [16, 17].
When |L| > 0, and moreover we have reversible opera-
tion in finite time, then additional conditions such as Eq.
(16), L12 + L21 > 0 and L12 > L21 must hold. Thereby,
the EMP is simplified to the form:
η∗ =
ηC
1 + (L21/L12)2
, (22)
Notably, the half-Carnot value, established earlier as the
upper bound for EMP, is breached here. Moreover, for
L21  L12, the EMP can approach the Carnot bound.
Concluding, we have considered the performance of a
cyclic heat engine within linear-irreversible framework. It
is remarkable that the idealized basic processes of equi-
librium thermodynamics have a bearing on the symme-
try properties of phenomenological coefficients describing
the strength of couplings in the near-equilibrium regime.
Our main general conclusions are: Onsager reciprocal re-
lation implies that the reversible operation is obtained in
4L12 = L21L12 < L21 L12 > L21
Quasi-static Reversible
Wqs =WrevWqs <Wrev Wrev
(τ) <Wqs
a)
b)
|L| = 0 |L| > 0
Figure 2. a) A cyclic, linear-irreversible engine follows the
Onsager reciprocal relation (L12 = L21) if it approaches the
quasi-static and the reversible operations, simultaneously. We
have L12 < L21, when the quasi-static cycle is not reversible,
whereas L12 > L21 holds when the reversible cycle is not
quasi-static, or in other words, achieved in a finite duration.
b) The corresponding comparison between different magni-
tudes of work output per cycle, also illustrating the inequali-
ties in Eq. (20).
infinite time or quasi-static limit. Since Wqs is finite, so
in order to obtain Carnot efficiency, Qh should also be
finite in that limit. This necessarily implies |L| = 0. On
the other hand, even for |L| = 0, we may have a quasi-
static operation which is irreversible. This requires vio-
lation of Onsager reciprocity—in particular, L12 < L21.
When |L| > 0, Qh diverges in the quasi-static limit and
so the efficiency vanishes. Interestingly, there is possibil-
ity of reversible operation in a finite duration, for which
L12 > L21 must be obeyed, apart from other conditions
mentioned in the text. Thus, violation of the Onsager re-
ciprocal relation implies that quasi-static and reversible
operations are not equivalent (see also Fig. 2).
The model considered here involves only two forces,
which is the simplest example of an irreversible system
exhibiting coupled processes. A natural generalization
would be to include more than two forces and/or larger
number of heat reservoirs. Also, it would be interest-
ing to highlight the corresponding connection of Onsager
reciprocity with quasi-static and reversible operations in
the case of autonomous engines such as thermoelectric
setups. Apart from power output, the study of maximal
efficiency and other figures of merit, including the study
of refrigerator models would elaborate on the conclusions
derived here for a generic, cyclic heat engine. Finally,
the implications of the above results for stochastic heat
engines would provide an interesting line of inquiry for
future investigations.
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